Abstract: We consider the age processes A(1)A(n) associated to a monotone sequence R(1)R(n) of regenerative sets. We obtain limit theorems in distribution for (A
Ž
. Ž n. . 1rt A , which correspond to multivariate versions of the renewal t theorem and of the Dynkin᎐Lamperti theorem, respectively. Dirichlet distributions play a key role in the latter. Ž 1. Introduction. The range R R of a renewal process i.e., of an increasing . random walk forms a discrete regenerative set which can be viewed as the w x set of renewal epochs of some recurrent event in the sense of Feller 4, 5 . From the point of view of the present work, renewal theory is concerned with the asymptotic behavior as time goes to ϱ of the so-called age process, Ä 4 A s inf s G 0: t y s g R R . The main results in this field are the renewal t theorem, which is the key to the limit theorem for A in the case when the t renewal process has a finite mean, and the Dynkin᎐Lamperti theorem, which reveals the role of generalized arcsine laws in the study of the normalized age Ž . 1rt A . The purpose of this work is to develop a multivariate renewal theory for a monotone sequence of regenerative sets,
R R
Ž1. : иии : R R Ž n. , Ž where the embedding is compatible with the regenerative property the . meaning of ''compatible'' will be made precise in the next section . Specifically, we will give an explicit formula for the joint Laplace transform of the age processes A Ž1. , . . . , A Ž n. and present a multivariate extension of the renewal theorem and of the Dynkin᎐Lamperti theorem. In the latter, the Ž . generalized arcsine i.e., beta law which appears as a limit in the standard situation is replaced by a Dirichlet distribution in the multivariate version.
A noticeable feature in our results is that they depend only on the individual distributions of the regenerative sets R R Ž1. , . . . , R R Ž n. and not on their joint distribution as one might have expected. In particular, they do not seem to be directly related to the multidimensional version of the renewal w x theorem in 8 , as the latter requires the knowledge of the joint dynamic of w x the age processes. For the sake of completeness, we refer the reader to 7 and the references therein for multidimensional extensions of the renewal theorem in a different vein.
The next section contains the precise statements and proofs in this discrete Ž . setting. Section 3 deals with the extension to continuous i.e., nondiscrete regenerative sets.
Discrete setting.
2.1. Preliminary. We first recall some basic features in regenerative sets and introduce relevant notation. For the sake of simplicity, we implicitly only discuss unbounded regenerative sets, as bounded regenerative sets are not relevant to the scope of this work. w . A closed unbounded random set R R : 0, ϱ is called a regenerative set if it Ž . fulfills the regenerative property. That is, if F F denotes the filtration t tG 0 Ž . induced by the characteristic function 1 , then for every F F -stopping time T R R t such that T g R R a.s., the right-hand portion of R R as viewed from T,
T is independent of F F and has the same law as R R.
T
When the regenerative set R R is discrete, which we assume from now on Ž . throughout this section, there exists a unique renewal process S s S , S , . . . Ž .
1
The renewal measure associated with R R is given by
its Laplace transform is simply
The age process
is a strong Markov process which vanishes exactly on R R. Its one-dimensional distribution is given by
t Ž When the renewal process is nonlattice i.e., there is no r ) 0 such that . Ž . R R : r‫ގ‬ with probability 1 and has finite mean m s ‫ޅ‬ , the standard Ž . renewal theorem combined with 1 yields that A converges in law as t ª ϱ t y1 Ž . towards the probability measure m ‫ސ‬ ) x dx. In the infinite mean case, Ž .
y1
‫ޅ‬ s ϱ, there is a limit theorem for the normalized age t A provided that t EMBEDDED REGENERATIVE SETS 1525 the step distribution belongs to the domain of attraction of some stable law. Ž . More precisely, Tauberian theorems and 1 are the key to the Ž . Dynkin᎐Lamperti theorem, which roughly states that 1rt A converges in t distribution if and only if its mean converges. We stress that the renewal theorem and the Dynkin᎐Lamperti theorem are the only nondegenerate limit theorems for the age process; in particular, one would get nothing interesting by normalizing the age process by other powers of t.
Now consider a sequence of n G 2 embedded regenerative sets,
Ž .
Notation using superscripts such as ⌽ Ž i. should be clear from the context. For Ž Ž i. . every i s 1, . . . , n, we introduce F F , the filtration generated by the t tG 0 characteristic functions 1 Ž i. , . . . , 1 Ž n. , after the usual completions.
R R R R
Ž . DEFINITION. We say that the embedding 2 is compatible with the regen-Ž Ž i. . erative property if for every i s 1, . . . , n and every F F -stopping time T t with T g R R Ž i. a.s., the shifted sets
are jointly independent of F F Ž i. and have jointly the same law as R R
This notion has been introduced for n s 2 in the more general continuous
. w x setting in 1 where it is called ''regenerative embedding.'' Let us present a Ž . few examples in which 2 holds and is compatible with the regenerative w x property, and refer to 1 for more.
2. Suppose that S , . . . , S are n independent integer valued renewal
processes, and consider the compound processes S s S ( иии ( S , i s
Then each S is a renewal process this is a discrete version of .
Ä Ž i. 4 Bochner's subordination and then we can take R R s S , n g ‫ގ‬ .
3. Suppose that R R , . . . , R R are independent regenerative sets, and set
, an n-dimensional random walk such that for j s 1, . . . , n y 1, the real-valued random walk
i.e., is a renewal process . Then take for R R the set of ascending ladder epochs of W Ž i. , that is, the set of times when W Ž i. reaches a new maximum.
More generally, given age processes A , . . . , A , 2 holds if A F иии F Ž1.
Ž
. A , and is compatible with the regenerative property if the n q 1 y i -tuple
is Markovian for each i s 1, . . . , n. We point out that the w x condition that the age processes are jointly Markovian appears in 8 . On the Ž . other hand, it is easy to construct examples where 2 holds and is compat-ible with the regenerative property though the age processes are not jointly Markovian. See, for instance, the counter-example after the proof of Lemma 1.
Ž . We assume from now on that the embedding 2 is compatible with the regenerative property. It is clear that this assumption imposes some restriction on the functions ⌽ Ž1. , . . . , ⌽ Ž n. , and more precisely, one can state the following lemma. LEMMA 1. For every i s 1, . . . , n y 1, the ratios ⌽ Ž i. r⌽ Ž iq1. are completely monotone functions.
We stress that, conversely, if the ratio ⌽ Ž1.
r⌽ Ž n. are completely monotone, then there exists regenerative sets R R Ž1. , . . . , R R Ž n. whose individual distributions are characterized by the functions ⌽ Ž1. , . . . , ⌽ Ž n. , Ž . respectively, such that 2 holds and is compatible with the regenerative w x property. As we shall not need this feature in the sequel, we just refer to 1 for a complete argument. w x PROOF OF LEMMA 1. This is essentially the direct part of Theorem 1 in 1 ; for the sake of completeness we present here the proof in the discrete setting. We may suppose that n s 2. Fix an arbitrary q ) 0 and recall that
We introduce the partition generated by R R Ž1. , so that the right-hand side can be expressed as
We then apply the regenerative property at S Ž1. to get
Ž .
tgR R Taking the sum over k g ‫,ގ‬ we finally get
w . The ratio ⌽ r⌽ is thus the Laplace transform of some measure on 0, ϱ , which proves our claim. I At this point, it is also important to stress that the functions ⌽ Ž1. , . . . , ⌽ ‫ޅ‬ dt e exp y A y A y иии Ä Ž .
PROOF. We first suppose that F F иии F and denote the left-hand s ‫ޅ‬ exp yS Ž .
We deduce that
Iterating the argument, we obtain 
The reason is that their joint t distribution depends on the joint law of the regenerative sets R R Ž1. , . . . , R R Ž n.
and not merely on the individual laws.
A multivariate renewal theorem.
We first develop some material to state the multivariate version of renewal theorem.
Recall from Lemma 1 that the ratios ⌽ Ž1. r⌽ Ž2. , . . . , ⌽ Ž ny1. r⌽ Ž n. are completely monotone, and introduce the corresponding measures , . . . , on 1 ny1 w . 0, ϱ ; that is,
We also introduce the inverse of the mass
Ž . c , . . . , c are probability measures.
n n
We now state the multivariate renewal theorem.
THEOREM 1. Suppose that the renewal process S Ž1. is nonlattice and has finite mean. Then the n-tuple
converges in distribution as t ª ϱ towards the product measure c m иии m c .
n n
PROOF. Let T be an independent exponential time with parameter 1 and Ž Ž1. q ) 0. According to Lemma 2, the joint Laplace transform of A y
When q ª 0 q , this quantity converges towards the Laplace transform of c m иии m c .
Thus, all that we need is to check the convergence in distribution of the Ž Ž1.
Žn. . n-tuple A y A , . . . , A y A , A , as we have identified the only t t t t t possible limit. To this end, take real numbers x , . . . , x G 0 and consider
Just as in the proof of Lemma 2, we apply the regenerative property at S Ž1. to k rewrite this quantity as
where for s G 0,
Ž . . We now see Ž .
Ž Ž Ž1. .. from 1 that s ‫ޅ‬ f A .
t t
The standard renewal theorem entails that A Ž1. converges in law as t ª ϱ t towards some absolutely continuous distribution. Writing the conditional Ž . probability f s as a quotient of unconditional probabilities, it is easily shown that the function f is bounded and has at most countably many discontinuities, so we see that the desired convergence holds. I Of course, there also exists a version of Theorem 1 in the lattice case which we now state. 
converges as the integer k goes to infinity toward The argument for the proof follows the same line as in the nonlattice case, using generating functions instead of Laplace transforms. We skip the details. Ž . Therefore, we may and will assume from now on that 3 holds for i s 1, . . . , n. As the embedding hypothesis R R Ž1. :
In order to focus on the most interesting case, we shall assume that these inequalities are strict,
. Indeed, if we had, for example, ␣ s ␣ , then 1rt A y A would con-
verge in probability to 0 and we might just as well ignore A Ž2.
. The multidimensional analogues of the beta distributions are the Dirichlet distributions. More precisely, recall that an n-dimensional random variable Ž . Ž . X , . . . , X has a Dirichlet distribution with parameters ␤ , . . . , ␤ g Ž . Ž for x , . . . , x in the n-dimensional simplex i.e., x ) 0 and x q иии qx - 
